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■ Abstract 

A rigorous equation is stated and it is shown that the spatial derivative of the Cole- 

■ Hopf sohition of the KPZ dynamics is a solution of this equation. The approximation of 
. the Cole-Hopf solution by the density fluctuations in y^- weakly asymmetric exclusion 

is used in conjunction with a weak resolvent method instead of a Boltzmann-Gibbs 
principle. 
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1 Motivation and Summary 

A very nice motivation of the problem which in particular answers the question of why there 
^1 is need for a rigorous equation describing the KPZ dynamics can be found in |JG2010l . 
d \ Nevertheless the present article starts a httle bit as a critique of the notion of solution of the 
KPZ equation introduced in |JG2010j simply to justify why the author thinks that there is 
still need to establish a rigorous equation in the first place. 
The formal equation discussed in this paper is 



dt du^ du dtdv? 

where 7 is a real-valued parameter and B stands for a Brownian sheet thus can be 

interpreted as the spatial derivative of a space-time white noise driving force. There is a 
candidate for a stationary solution of this equation which was constructed in jBG1997] . But 
this stationary solution is only a generalized and NOT a regular function of (t, u) hence 
one has to give meaning to the non-linear term ^(F^) in the above equation. The straight 
forward approach would be to explain ■^{Y'^) by the limit -^[{Yt-k (InY]-, N ^ 00, for every 
fixed t > using a moUifer d to approximate the identity, that \sYfkdN 'la the convolution of 
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the generalized function Yt and the smooth function dN{u) = Nd(uN), u G M. It turned out 
that it is hard to make sense of this limit in an appropriate space. The author only achieved 
to get convergence in a rather artificial space of so-called generalized random variables which 
made it kind of impossible to understand {-k) as a PDE and the notion of solution was based 
on a generalized martingale problem (compare |A2002j ). It even remains to be shown that the 
above mentioned candidate for a stationary solution is indeed a solution of this generalized 
martingale problem. 

The difficulty seems to be that, as far as we know, there is no control of moments higher 
than two. Very good if not the best second order moment estimates for the stationary 
candidate solution can be found in |BQS20lT] but the authors themselves remark that their 
method cannot be applied to moments of higher order. 

On the other hand, for this candidate of a solution, the convergence of time integrals 
'§u\-^^ * djsiY] dr, N — )■ cxD, s < t fixed, is much more regular and the notion of solution 
introduced in [JG2010j is based on the existence of such a limit. However, in |JG2010j it is 
not shown that the time integrals ^[O^r * d^^] dr converge in a suitable function space. 
It is only shown that 

/"* , ,G{u+l/N) -G{u) , , . . . 

— lim / / (Kr^ctTv) [u) -, dudr exists as a limit m mean square 

for every s < t and every test function G in the Schwartz space S(R) and one issue of the 
present paper, but the smaller one, is to go a little bit beyond this. 

The main message from [A2002] is that it is not possible to interchange the above lim7v-s.oo 
and the time integration. But, using to denote convolution with respect to the space 
parameter, one can rewrite 

/ {Yr^dM)\u)G'{u)dudr = {lis.t]®G, ^[(F ^2 c?7v)']) 
Jr c>'^ 

thinking of G as a test function and of ( , ) as a dual pairing. This triggers the idea 
to explain ^(F^) by a function F{Y) E V'{{0,T) x M) where Y is considered a random 
element with state space D{[0,T];V(R)) as described in jBG1997] . Thus the function F 
one wants to define should map 

F : D{[0, T]; P'(R)) ^ V'{{0, T) x R) 

turning the equation into an SPDE with a stationary weak solution in the classical sense, 
that is 

^'^'dt^~d^^~"^^^^^~^m^^ = ° forall0GP((O,T)xM)a.s. 

for the candidate solution Y constructed in |BG1997] and some Brownian sheet B both given 
on the same probability space. 

The wanted function F is defined in the present paper and it is shown that the candidate 
solution Y constructed in jBG1997] is a stationary weak solution of {-k) in the above sense. 
But the second and real issue of the present paper is that the proof only uses the replace- 
ment result stated in |A2011j . Corollary 2, which is weaker than the so-called 'Second-order 
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Boltzmann-Gibbs principle' used in |JG2010j . As a consequence, showing how the equation 
follows from Corollary 2 in |A2011] requires more effort than usually is required for showing 
how a limiting equation follows from a Boltzmann-Gibbs principle. 

Altogether the present paper demonstrates that the general method laid out in Section 

1 of [A2011j works in the case of an important example. The ingredients of this general 
method are the tightness of a sequence of approximating fields and resolvent estimates of 
appropriate functionals with respect to the symmetric part of the underlying particle system. 
The weak convergence hence the tightness of the approximating fields in the case of (*) 
was already shown in [BG1997] using a Cole-Hopf-type transform. Equation (-k) is the 
equation the spatial derivative of a solution of the KPZ equation for growing interfaces 
would formally satisfy and the main result in |BG1997] is actually an approximation scheme 
for the KPZ equation. The limiting field of this approximating scheme became important 
and the community started to call it the Cole-Hopf solution of the KPZ equation. Taking 
the spatial derivative of the KPZ equation turns it into a conservative system with an 
invariant state and that's why some people call (*) the conservative KPZ equation. Remark 
that the existence of an invariant state is important for the resolvent method hence, while 
the approximation scheme introduced in |BG1997j also provides non-stationary candidate 
solutions for {-k), the present paper only concentrates on the stationary candidate solution. 
Nevertheless, it is worth to be mentioned that showing the tightness of the approximating 
fields in the stationary case can also be reduced to resolvent estimates of the symmetric 
system. 

Finally a remark on the spaces used. The weak convergence towards candidate solutions 
of {-k) shown in |BG1997] works for processes taking values in D{[0,T]]V{W)), the space 
of cadlag functions mapping [0,T] into the space of distributions P'(M) equipped with the 
Skorokhod topology. In the case of the stationary candidate solution, in particular since 
the invariant state is Gaussian, this can be relaxed to D([0, T]; iS'(M)) with (S'(R) being the 
space of tempered distributions. However, in the non-stationary case, the growth conditions 
implied by the theorems in |BG1997] would not allow for iS'(]R) without further analysis. As 
a consequence the function F used to explain the non-linearity of {-k) is defined to map into 
P'((0,T) X R) to leave room for non-stationary solutions. 

2 Notation and Results 

Fix p,q > such that p + q = 1 and let (fi, J-", I^, ?7 G {0, 1}^, {rit)t>o) be the strong Markov 
Feller process the generator L of which acts on local functions / : {0, 1}^ — )■ M as 



L/(r/) = J2{^PVix){l-v{x + mf{v''^-'')-fm 



(1) 



+ 2qr]{x){l-r]{x-l))[f{n 



x,x—l 



fiv)]) 



where the operation 




z ^x,y 
z = y 



Z = X 
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exchanges the "spins" at x and y. Remark that this process describes infinitely many particles 
moving on Z like nearest neighbor random walks obeying an exclusion rule: when a particle 
attempts to jump onto a site occupied by another particle the jump is suppressed. Such 
processes are called nearest neighbor simple exclusion processes, compare |L1999j for a good 
account on the existing theory. 

Denote by z/i/2 the Bernoulli product measure on {0, 1}^ satisfying Uii2{rj{x) = 1) = 1/2 
for all X G Z and define 

rit{x) - Br]t{x) 



J Prj dh'i/2{ri) as well as Ct(x) 



where E and Var stand for the expectation and variance with respect to P, respectively. 
The process {$,t)t>o is a stationary process on (fi, J-", P) which takes values in {—1, 1}^ and 
has the push forward of z/1/2 with respect to the map 

^(x) — 1/2 
^ given by ^{x) = — -j=^, x e Z, 

as its invariant measure. 

Denote by 6^^ the Dirac measure concentrated in the macroscopic point ex, define the 
measure- valued density fiuctuation field 

with respect to a scaling parameter e > and fix a smooth test function G G V(R) with 
compact support. Then 

Mf = - Y,%G) - fe-^LY^{G) ds, t > 0, 

is a martingale on J-", P) by standard theory on strong Markov processes and 

[ e-^LY^%G)ds = [ ^ G'(ex)L^,,-2(x) ds, t > 0, 



(2) 



where 



{^ssM^ - 1) - 2es.-2(x) + ^seM^ + 1)) (3) 
+7 (^s£-2(a;)^.£-2(x + 1) - ^se-^ix - l)ise-^ix)) 

follows from ([T]). Here 

1 = P-Q 

is the mean velocity of the moving particles described by the process {rit)t>o- Substituting ([3]) 
into ([2]), performing a summation by parts and approximating by Taylor expansion implies 

f e-^LY^{G)ds = /'V/(G")ds - ^ /VG'Me.e-(x)e..-2(a;+l)ds 
^0 ^0 Jo 

+ ^ r E ^"(^^) ^ss-<x)^se-<X + l)ds+ Rf{t) 



4 



with 

\Rf{t)\ < (2 + 7)v/FcG||G""||oo-t, t>0, (4) 

if cg is chosen such that suppG C [—cg + 1,cg — !]• At this and in what follows, \\H\\r 
denotes the norm of a test function H in L'"(M), 1 < r < oo. 

Now assume that for fixed e > the jump probabilities p and q also depend on e in such 
a way that 

7 = 7e = 7 ■ 

for some 7 7^ 0; hence the underlying process is now a weakly i/e-asymmetric simple exclusion 
process. As a consequence L, P and E introduced above are denoted by L^, and in 
what follows. Furthermore 



G,e 



+ R^{t) = Y,%G) - Y^{G) - f 

Jo 



Y;{G") + 'W°{i 



ds (5) 



for all t > where 



is a local function for fixed e and G. 

Fix a finite time horizon T and let D{[0,T];V{W)) be the space of all cadlag functions 
mapping [0,T] into the space of distributions P'(]R). Equip D{[0,T]]V{W)) with the Sko- 
rokhod topology Ji and let Y be the notation for both an element in and the identity map 
on D{[0, T]; P'(M)). Furthermore, regard Y^ = {Yf)t(z[o^T] as a random variable taking values 
in D([0, T]; P'(M)) and denote by the push forward of with respect to the map y^. 
Then, by Theorem B.l in |BG1997] . the probability measures F^, e ^ 0, converge weakly to 
a probability measure on D{[0,T];V{M.)) which is denoted by F?j, in what follows. 



Remark 1 This result in |BG1997] is stronger than tightness of the measures F^, e > 0, since 
the tightness would only give the weak convergence with respect to certain subsequences 
Ski £k i 0, with possibly different limit measures. So Theorem B.l means that the density 
fluctuations in -y/e-weakly asymmetric exclusion must converge in law to the Cole-Hopf 
solution of the conservative KPZ dynamics. However it was also shown in |BG1997j that 
both 

a) the support of the measure F^ is a subset of C([0, T]; V'{M.)) and 

b) the process Y is stationary under F?j, satisfying Yt fi, t & [0;^]) where fi is the mean 
zero Gaussian white noise measure with covariance E;yYt{G)Yt{H) = j^GHdu 

hold true but the present paper's task is to find more structure of the paths in the support 
of the measure P^. 



A possible approach is based on Corollary 2 in |A2011j which allows to replace V^{^se-^) 
in dS]) by FN{Yf,G) where 



FN{y,G) 



G"(n)(3^^d^)2(u)du, yev'i 
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Here, for every N > 1, denotes the function u i— )■ Nd{Nu) given by a symmetric nonneg- 
ative mollifer d G 'D(]R). However, as this replacement is of rather weak type, this approach 
requires several technical steps which are outlined below. 

Proposition 1 Let = a{{Ys{G) : s < t,G E 'D(M)}) and define the map 

: D{[0,T];V'{R)) ^ D{[0,T];V'{R)) 

by ^ ^ 

MN{Y)f = Yt{G)-Yo{G)- [ Y,{G")ds - 7 /" Fj,{Y,,G)ds. 

Jo Jo 

Then, for every G G ^^(M) , there exists a B{[0, T]) ^ - measurable process 

: [0,T] X D{[0,T];V'(R)) R 



such that 



T 



dt E;y 



2 



- mNiY)^ 

< G,fe^ ( . cl\\G"'\\l + ■ + N^'^' ■ ca\\G'\\lo ) 

for a constant Gd which only depends on the choice of the mollifer d hence 



^ r ~ 12 







0, ^ 00. 



Denote by F the filtration {J^t)te[o,T] with J^t = <^{P^t U A/") where M is the collection of all 
I^-null sets in and let I be the Lebesgue measure on [0,T]. 

Proposition 2 For every G G I^(M), there exists a continuous ¥- adapted process 
(Mj*^)tg[o,T] on {D{[0,T];V'(R)), F^ ,P;y) which is a version of in the following sense: 
there is a measurable subset Tg ^ [0,7"] with iiTc) = T such that = a.s. for all 
t E Tg- For every positive T' < T, when restricted to [0,T'], the process is a square 
integrable F- martingale. 

Corollary 1 (i) For every G G T>{R), the process = (M^)t^[Q^T] is an ¥-Brownian 
motion with variance 2||G'||2 on the probability space {D{[0,T];V{R)), T^ ,P^) . 
(a) It holds that 

^aiGi+a2G2 ^ fliMf ^ + OaM^ ^ a.s. 

for every t G [0,T], ai,a2 G M and Gi,G2 G V{R). 

(Hi) The process indexed by t E [0,T] and G G V(R) is a centred Gaussian process 
on (i5([0, T]; P'(M)), J-'y , Pj,) with covariance 



E^Mf^^Mf^-" = 2(tiAt2) / G[{u)G2iu)du 

Jr 



hence there is a Brownian sheet B(t,u), t G [0,T], m G M, on (D([0, T]; ©'(M)), P^) such 
that 

= V2 [ B{t,u)G"{u)du a.s. 
Jr 

for every t G [0,T] and G G V(R). 
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In what follows let M = {Mt)te[o,T] denote the continuous valued process defined by 



Mt{G) = V2 [ B{t,u)G"{u)du, t e[0,T], G eV{ 
Jr 



(6) 



Remark that, by Schwartz' kernel theorem, M and Y can also be considered random variables 
taking values in P'((0,T) x M) such that 



dtg'it) 



YtiG) + Fo(G) + / YsiG") ds + Mt{G) 



d d'^ d 



for all g e V{{0,T)), G e V{R) where (■ , ■) denotes the dual pairing between V{{0,T) x M) 
and P'((0,T) x M). Also 

f dtg'it) I FM{Y,,G)ds = - I dtg{t)F^{Yt,G) 
Jo Jo 

thus Proposition [1] (together with Cauchy-Schwarz) implies 



dtg{t) F^iYt, G)-{g®G,-Y- —Y - -M)/^ 



dt' 



dt 



< C,e^ \W\\ho,n ( ■ + ■ cUG"\\l + N-'/-' ■ ca\\G'\\l 

< 2G,e^ ||^'||i.fo,T] ( ■ cUG^'^Wl + ■ cUG'X + TV"^/^ ■ 4||G"||^ ) (7) 

where the sup -norm is estimated by the L^-norm in a straight forward way. 

The above inequality is the type of inequality Jara/Goncalves used in jJG2010] on page 
10 to define what they call 'energy solution'. Indeed, if g = l[s,t] then the process As,t{G) 
introduced in that paper, when multiplied by the analogon to 7, is indistinguishable of 



Yt{G) - Yo{G) - jjriG") dr - M,{G) + M,(G) = {g^G^^Y 



d 



whereupon the dual pairing (■ , ■) on the right-hand side makes sense for this g since Y and 
M both take values in C([0, T]; P'(M)). Of course, the corresponding inequality in |JG2010] 
is stronger than ([7]) since the former allows for g = l[s,t] while the latter does not. This is 
due to the resolvent method which requires an extra time integration. The differences of the 
bounds in G and are not intrinsic. The author just took what he had used in jA2007j in 
the symmetric case and this can be improved. 

However, for the purpose of defining a function F{Y) explaining ^(y^), both inequalities 
are worth about the same since, as already pointed out in Section [H there seems to be no 
meaningful notion of convergence which could be used to interchange limAr^oo and the time 
integration in 



lim / dtg{t)FNiYt,G) 
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neither if g was differentiable. So both inequahties should eventually lead to F{Y) being 
constructed as an element of 'D'((0,T) x M) and this construction is going to be carried out 
using ([7]) in what follows. 

The idea is to choose ONBs {9^)^=1 and (Gn)^=i of L2[0,T] and ^^(M), respectively, 
and to construct a negative order Sobolev space {%, \\ ■ ||_) such that r'((0,T) x R) C 7/' C 
L2([0,T] xm)(ZH and 

uniformly in 7 where -F/v(^) is defined by the Fourier-type series 

Y.{9m®Gn)- j dtgm{t)FN{Yt,Gn) m L2([0,T]xR). 

m,n ^ 

It is obvious from ([7]) that such a construction leading to ([8]) can be achieved but, for 
completeness, some technical details are sketched in the Appendix' Remark [31 

Now, when setting = k^~^°-, k > 1, for an arbitrarily small a > 0, from ([H]) follows that 

J2PMFN.iy)-ig-y-g^y-QiM)m_ >5})<oo 

k=l 

for all (5 > hence 

1^0/711-^0, fc^oo, (9) 

for all Y E for some fi-y G J-")^ with Ey(f2;y) = 1. Since the above convergence is stronger 
than the weak convergence in T>'{{0, T) x M) one obtains that limk-^oo{4' ? -^Affc(^)) exists for 
all (p e V{{0, T) X M) and Y eVl^ where of course 



C^ii 

proving the following proposition. 

Proposition 3 There exists a subsequence {Nk)'^^i such that for every 7 7^ there is a set 
fl;y G J-'^ with P^{Q;y) = 1 such that 

lim [ f ^(p{t,u){Yti<dN^f{u)dudt G M 
Jo Jr C"" 

for all G V{{0, T) x R) an(i Y ^Vt^. 

From this proposition immediately follows that the function 

F ■ D([0, T]; P'(M)) ^ ©'((0, T) x M) 

which is defined by 

= - lim / / |-0(t,M)(yi^rf^j'(M)dMdt 

'^^^^^ Jo '^^ 

if this limit exists for all G P((0,T) x M) and which is set to be zero otherwise has an 
/ B(V'{{0,T) X M))-measurable E^-version for every 7. 
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Remark 2 (i) This function F is defined by tlie above limits for at least all Y G IJ7^o^7- 
There is an indication that all measures E^, 7 7^ 0, are singular to each other hence the set 
IJ^^^o ^7 flight be quite large. 

(ii) The function F actually maps into the space C V{{0, T) x M) which is determined 
by the estimate ([7]), compare with the construction of in the Appendix. Using F with 
"H to make {-k) work would also require to show that -^Y, -^Y, are in "H. This seems 
to be possible but using V'{{^,T) x M) instead has the advantage that ^F, -^Y, -^M G 
V{{0,T) X M) immediately follows from Schwartz' kernel theorem. 

Combining the definition of F and fl6l).fl9|).f fT0|) gives the main result of the present paper. 

Theorem 1 For every 7 7^ 0, there exists a Brownian sheet B{t,u), t G [0,T], n G M, on 
(D([0,T];P'(M)), J"!",?^) such that 



dt du^ dtdu^ 
in the sense of 

forB^-a.e. Y G D{[0,T];V'{R)) where D{[0,T];V'{R)) C P'((0,T) xM) by Schwartz' kernel 
theorem and 

-) = - / B{t,u)——(f){t,u)dudt, (j) eV{{0,T) xR). 



dtdu^ Jq ' dtdu'^ 

3 Proofs 

In what follows it is frequently used that, when setting H = —G', one can split 

rt ft ^ fte~^ 

/ F^(F/,G)ds- / K'^fc.-Ods into J^e^/ V^'^i^iQds 
Jo Jo Jo 

using further fluctuation fields V^^\ V^j!^, V^j^, V^^j^ given by 

V;^i(^) = ^ f[H{u)- H{ex)]dNiu-ex)^edNiu-ex)du^{x)^{x), 
= eY,H{ex) I dl{u-ex)dui{xmx)-i{x + l)l 
= e'S^ll{ex^ diy{u — ex)diy{u — ex) du ^{x)[^{x) — ^{x + 1)], 



K^NiO = ^H{ex) / dNiu-ex 



ed^{u — ex) — 1 
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dui{x)i{x^\). 



Proof of Proposition [U It suffices to show that the sequence of processes (9JtAr(F)f )jg[o,T], 
= 1, 2, . . ., is a Cauchy sequence in L^(£ ® F^) where i denotes the Lebesgue measure on 
[0,T]. But, for > > 1 arbitrarily chosen, one obtains 

r-T 



dt E. 



G 



7' / dtE. 



T 



1' 



'0. 

[ dt [ [ [ [ dsiduids2du2G\ui)G'{u2) 
'0 JoJrJoJr 

where by Lemma [2] in the Appendix 

E^(^{Ys,^dj^)\ui) - (Ys,^dN)\ui)^ ({Ys,^df,)\u2) - {Ys,^dN)\u2i 



G'{u) ({Ysi.dj^y{u)-{Ysi<dNf{u)) duds 



= \imE,(^{Ys,^dj^y{u,) - {Ys.^d^Yim)) (^iYs,*dj^y{u2) - {Ys,^d^y{u2) 
such that 

< mdN\\M\df,r) 

for all e < 1, < Si,S2 < T and ^1,^2 G IR- Hence, by dominated convergence, for an 
arbitrarily small 5 > it follows that 



dt E, 







m^iY)f - dn^iY) 



1 2 



< r[5+j dtE, 



n 2 



G"(n) (n*d^)2(n)-(n^rf;v)'(n)) duds 



(11) 



if £ = > is chosen to be sufficiently small. Assuming e^^ > 1, the last term can be 
further estimated by 



< 76^ ( (5 + / dte-*E, 



G\u) [{Ys^df,y{u)-{Ys^dNY{u)) duds 



< 8^e^ 



where 



/*oo ^ pts ^ /*oo ^ pts ^ 

6 + dte-'Y^E, V^;^\Qds + dte-'J^E, ^^^X^s) d. 



POO /"te 

/ dte-*^E, KViQds 
Jo [ Jo 

< G,-[n-'. cUG'Too + ■ cUG"\\lo + N''/' ■ cgWG'W 
+ ■ ( e'N' . \\G"\\l + sN' . cgWG'WIo + e'N' -WG'Wl) 
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by (9) and (7) in |A2011] for a constant Cd which only depends on the choice of the molhfier 
d. Of course, the same inequahty holds if is replaced by above. Hence, if Ns is chosen 
such that 

C, ■ ( . cUG'Too + Ni' ■ cl\\G"\\lo + Ni'^' ■ caWG'Wl ) < S/A 



then 



dt E;. 



proving the proposition. Indeed, in the above calculations, one only has to choose e = ^ 
for the corresponding A^, A^ small enough such that both ( ITT|) holds true and 



C- e'N' ■ \\G 



-y//||2 



eN^-cgWG' 



7||2 



e'N^-\\G'\\i < 5/4. 



Proof oi Proposition 121 Fix G e P(M). Applying Proposition (H there exists a subsequence 
{Nk)'^^i and a measurable subset Tg ^ [0,T] with tiTc) = T such that 



lim E;j 







:i2) 



for all t G Tg- For technical reasons assume T ^ Tg and let {ti,t2, . . .} C 7g be a dense 
subset of [0, T]. 

At first one observes that M9 is J-T- measurable for all n = 1, 2, . . . Then one shows the 
following TJ- martingale property 

^,x[mZ-mI] = 

for tn',tn € {^1,^2; • • •} Satisfying t„/ < t„ and an arbitrary random variable X of the form 
X = f{Ys^{Hi), . . . ,Ysp{Hp)) where / : — )■ R is a bounded continuous function. Hi G 
V(M.) and < Sj < 1 < i < p. Of course, this martingale property holds true if there 
exists const > such that 



E;yX[Mf^^ - M^^] ) < const ■ 6 for all 6 > 0. 



tG 



(13) 



In this proof the notation const is used when a notation for a constant is needed thus const 
can take different values depending on the situation. 
In order to prove (fT3l) . fix an arbitrary 5 > 0. Denote 



^ -^0 ^ Jo 



and observe that 



dt E, 



0{s^) uniformly in A^ 



(14) 
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by feeding the estimates obtained in |A2007] for these quadratic fluctuations but with respect 
to the symmetric exclusion process into the resolvent method as demonstrated in Section 3 
of |A2011] . Furthermore denote 



Rf'Nit) = I K^T^^fc) ds, t > 0, t = 1, 2, 3, 4, 



and remark that (9) in |A2011j implies 



Rfj:l{t) =0{N-^) as well as / dtE, i?fx?(t) = 0{N-^/^) 



1 2 



dt E, 



uniformly in 5 > 0. Hence, for some r > satisfying + 2r < T, one can choose k big 
enough such that both 



R^N (i) > ^}) < for all e > 



and 



E, 



G 



1 2 



+ E. 



G 



-\ 2 



< 5 



(15) 
(16) 



hold true. It is this k = ks which is chosen and fixed during the rest of the proof. 
Of course, applying Cauchy-Schwarz, (fT6|) implies 



m: 



G 



< const ^5+{ E^X[m^,{Y)Z - m^dYZ 



\G 



(17) 



Now, substituting the definition of OJIatj., one obtains that 



{E,X[m^,iY)Z-m^,{Y)fjy = U,X[Y,„{G)-Y,JG)] - l\xY,{G'')ds 
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G'{u) E^X(n * dN,y{u) duds 



where 



such that 



B^X{Y,^dN,fiu) = lim E,X{Ys^dN,f{u) 



E.X(n^rf^J^(n)|^ < 11/11^ /.(IM^JII; 



for all £ > 0, s G [0,T] and m G M by Lemma [2] in the Appendix. Here / is the function 
defining X while fd corresponds to Lemma [2] applied to (Yg-k dN^^^u) and does not depend 
on u. So 



G'{u)E^X{Y,i.dN,fiu)duds = lim / / G'{u)E,X{Ysi^ dN.Yiu) duds 
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by dominated convergence and, as similar estimates can be obtained for the remaining but 
easier terms, one arrives at 

\ 2 

\G cm ^\^\G 



lim E,X' 



Yl{G)-YlXG) - / F/(G")-7/ G' (u) {Y: ^ dr^^fiu) du \ ds 



lim E^X' 



G,e , dG 



i=0 



using ^ for the last equality and writing X'^ as a substitute for /(F/^ ),..., F/^(_ffp)). 

Since EieX^[Mf^^ — Mff] will disappear by the martingale property, if Eq is chosen small 
enough, then 

{E,X[mMSY)Z-^^,{Y)l]f 

< const {6+J2 ( Eeo [R?o it)] ' + E [uf^ (t)] ] } (18) 

by Cauchy-Schwarz. Also, choose Eq small enough such that 

E,„[i?f„(t„)]'+ E,„[i?g(t„0]'< 5 
which is possible by @. The next lemma will provide estimates for the remaining summands. 



Lemma 1 Fix < i < 4, t E {tn, tn'} and r > satisfying tn + 2t < T. If 

£({tG[0,T]:E,[i?,^Xr^(t)]'>5}) < r/2 
then there exists t E [t, t + 2r] such that 



< 6 and E= 



< 6. 



Indeed, observe that if t > t then 



E. 



R-eJit) - R^N^t) 



.G',i, 



E. 



RfM-t) 



by stationarity and the Markov property. Now assume the contrary of the lemma's assertion, 
hence 

[t, t + 2r] C {i e [t, t + 2r] : E, fe'l^ll ' > ^] 



U {i e[t,t + 2r] : E, Rfj^it) - R'^J^it) > 5} 



jG'Ai 



{t G [t,t + 2r] :E, Rfj^{t) > 5} 



U {i e[t,t + 2t] : E, Rf'jl^ii - t) > 5}. 
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Thus, as the Lebesgue measures of each of the sets on the above equahty's right-hand side 
are bounded by r/2, one obtains that 2r < r which is a contradiction proving the lemma. 
Since for fixed A^^ it holds that 



dt E, 



Rf'^{t) =0{€) as well as 



dt E, 



by (9) and (7) in |A2011] but also taking into account (IT^ one has 



i{{te[0,T]:E, 



K 



G',2 



it) + E,, 



K 



G',4 



it) > 6}) < r/2 



for a sufficiently small ei > 0. Thus, because ( |T5|) holds for all £ > and so for ei in 
particular, one can estimate 



E, 



Relit) 



< 2E, 



RsA it) - R^N, it) 



G',i 



2E, 



Relit) 



< 26 + 26 



using Lemma [U for each i = 0,1,2,3,4 and t = tn,tn' where t of course depends on the 
chosen i and t. So, when Eq in ( IT8l) is replaced by by the minimum of Eq and Ei, it follows 
that 

{E^X[m^,{Y)Z-mr,,iY)l]y < const -6 

which together with ( |T71) proves (US]). Altogether (Mf^)"L ^ is an (J-"^)^^ -martingale for 
every finite ordered subset {si, . . . , s^} of {ti, • • •}• 

Now, choose arbitrary s, t G 7g and fix a > 0. Without restricting the generality one can 
assume for a moment that s,t play the role of tn',tn chosen in the first part of this proof. 
Combining Chebyshev's inequality and ( fT6i) yields 



P^(|Mf-Mf|>a) < 



const 



■ 6 + P^{\m^,{Y)f - I > a/3) 



for the corresponding k = ks- Remark that the set {|9Jt^r^(F)f — 3JtAr^(y)f | > a/3} is 
open in D{[0,T]] P'(]R)) with respect to the uniform topology and that convergence in Ji to 
elements of C([0, T]; P'(M)) is equivalent to uniform convergence. Thus, by Remark[T^), the 
weak convergence of the measures F^, e J, 0, implies 

P^{\m^,{Y)f -m^,{Y)f\> a/3) < lim,^oP.(|9^iv,mf -33t7v,(nfl >a/3) 
where the lim inf on the right-hand side is equal to 

lim,^oR(|^/(G)-r/(G) -^*|F/(G")-7^G"(n)(F/^dA.j2Hdn|dr| >a/3^ 

4 N 

Mf - Mf + Rf{t) - Rf{s) + [Rflit) - Rflis)) I > a/3 



i=0 



< lim,,o ( P.(|Mf - Mf '^1 > a/6) + ^E, Rf{t) - Rf{s) + «a^.(^) ' Rfli' 



1=0 
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where 



2 



■'e 



Rf{t) - Rf{s) + 7^ (^Rf'^^ (t) - Rf'^^ (s)) < const ■ 5 for all e<eoAei 



as in the proof of (fT3l) . Altogether, there is a constant const such that for all 5 > 
P^(|Mf - Mf I > a) < IE^,;oR(|Mf - Mf'^l > a/6) + ^ ■ 6 

that is 

P^(|Mf - Mf I > a) < lhK,;oP.(|Mf'^ - Mf'^l > a/6). 
Now recall that s,t eTg were arbitrarily chosen and observe that 

R(|Mf'^ - Mf'^l > a/6) < ^E,| Mf'^ - Mf'^ \' < ^ E,( [M^'^], - [M«'^], 

by applying Chebyshev's and then Burkholder-Davis-Gundy's inequality with constant C4. 
Furthermore 

E,( [M«'^], - [M^'^], < C(T,G){e2 + (t - sf} 

by standard theory on exclusion processes (see Lemma |3] in the Appendix) hence there is a 
constant const which only depends on T and G such that 

P^(|Mf - Mf I > a) < const ■ a-^(t - sf (19) 

for all a > and s, t G 7g- 

The next step in the proof is to construct a continuous process (Mf )tg[o,T] such that 
Mf = Mf F^-a.s. for all t G Tg- But such a construction can be achieved almost the 
same way the continuous version of a process is constructed in the proof of the Kolmogorov- 
Chentsov theorem (see |KS199lj for example). As in this proof it follows from (fT9|) that, for 
a dense subset D of [0,T], {M^{uj)]t G D} is uniformly continuous in t for every u E Vt* 
where f2* is an event in J-"^ of F^-measure one. But in difference to |KS1991j . D should not 
be the set of dyadic rationals in [0, T] but rather an appropriate subset of the set {ti, ^2, • • •} 
chosen in the beginning of the present proof. Then one can define Mf (cu) = 0, < t < T, 
for uj ^Vt* while, for a; G O*, Mf (cu) = Mf (w) iiteD and Mf (w) = hm„ Mf (w) for some 
(sn)5^i C D with s„ — !■ t if t G [0,T] \ D which indeed gives a continuous process. To see 
that indeed Mf = Mf a.s. for all t G Tg one splits 7g into D and Tg\ D. For t E D one 
has Mf = Mf a.s. since P^(f^*) = 1. For t G D and {sn)'^=i ^ D with s„ ^ t one has 
Mf = lim„ Mf a.s. by construction as well as Mf = lim„ Mf in probability by (fT9|) which 
also gives Mf = Mf a.s. 

Realise that, without restricting the generality, both Tg and D and can be chosen to 
contain zero as 97tAr(F)f = for all by definition. Furthermore, since D C {^1,^2, • • •} 
and Mf is J-'J^- measurable for all n and ^2* G , if t G -D then Mf is J^t - mesurable. Hence 
(Mf )tg[o^r] is F-adapted since it is left-continuous and D is dense in [0,T]. 

Finally, from the J-'j^- martingale property of Mf , n = 1,2, . . ., shown in the first part 
of this proof follows that (Mf )^]^ is an (J^, J™^^ - martingale for every finite ordered subset 
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{si, . . . , Sm,} of D. All these martingales are square integrable since 'E;y{M^y < oo by the 
choice of n = 1, 2, . . ., at the beginning of this proof. But T is not an element of D so 
choose an arbitrary positive T' < T. Then {M^)t£[o^T'] is a square integrable F- martingale 
as the limits used to construct it can be interchanged with both expectations and conditional 
expectations by Doob's maximal inequality for martingales since there must be an element 
of D between T' and T. ■ 

Proof oi Corollary [H For part (i) fix a test function G G V(R). Since (Mf)tg[o,T] is 
a continuous F-adapted process it suffices to show that for every positive T' < T, when 
restricted to [0,T'], the process is an F-Brownian motion with variance 2||G'||2. So, in 
what follows, T is identified with some positive T' < T to simplify notation. 

Obviously it only remains to show that {M^Y ~ 2||G'||2 ■ t, t G [0, T], is an F-martingale. 
Recalling the construction of in the proof of Proposition [2], the F-martingale property 
already follows from 

E;^X[(Mf )2 - 2\\G'\\l ■ t - {M^f + 2\\G'\\l ■ t'] = 

for all t,t' e D such that t' < t and X = f{Ys,{Hi), . . . ,Ys^{Hp)) where / : -> M is a 
bounded continuous function. Hi G V(M.) and < Si < t' , 1 < i < p, which will be verified 
by showing that there is a const > such that 

(E;^X[{M^f - 2\\G'\\l ■ t - {M^f + 2||G"||^ -t']^^ < const ■ 6 for all 6 > 0. (20) 

So fix t, t' G -D such that f < t and observe that 

(E^X[(Mf )2 - 2\\G'\\l ■ t - {M^f + 2\\G'\\l ■ t']^ 

< const 1^ + (E^X[im^,{Y)ff - {m^^y),? - nG'Wl ■ it - t')]) 

for some k = ks big enough since the inequality 

(E,[(Mf )2 - {m^^{Y)ff]y < 2E,[Mf - m^,{Y)fr {^.{M^f + E,(ajt^,(r)f )^) 

holds for t and t'. Furthermore 
E^X(9Jt^,(F)f)2 

= lim BeX(YtiG) - YoiG) - ^ - iJ^G'i^) (ys^d^J^iu) dwj ds)' 

again by Lemma [2] in the Appendix which simplifies to 

4 2 

= limE^X^ {M^^' + Rf it) +^Y.^e'NSt)) with X^ = f{Y^^{H,),...,Y^^{H,)). 

^ i=0 
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Since the same equality holds for t', one obtains that 

[e^X[{M^Y - 2||G'||^ . t - {M^f + 2||G'||^ ■ t'])' 

< const 1^ + {^,X%Mf^'f - {M^''Y - 2\\G'\\l ■ {t - 

for a sufficiently small e > by estimating 

4 4 

E,M^'\Rf{t)+^Y.<NSt)) and ^Rfit) + lJ2 ^N^t))' 

i=0 i=0 

for t and t' as in the proof of Proposition [H 

Now {M^'^f, t > 0, is a submartingale in the class (DL) hence (Mf - (M'^'^)i, t > 0, 
is a martingale thus 

(E;^X[(Mf )2 -2\\G'\\l-t- {M^f + 2||G'||^ t'])' 

< const 1^ + (e,X^[(M«'^), - (M^'^),, - 2\\G'\\l ■ it - t')])'| . 

Finally Ee[(M*^'^)f — {M'^''^)ti — 2||G"||2 ■ {t — t')Y can be made arbitrarily small by choosing a 
suitable e which proves (120]) hence part (i) of the corollary. The last argument is standard, 
for completeness its proof is sketched in the Appendix (see Lemma [3]). 

For part (ii) fix ai,a2 G M and Gi,G2 G V(M.) The wanted linearity holds for WIn{Y) 
and, because of DJlNiY) being an approximation for {M'^)Gev{R), it should also hold for the 
version (M'^)Ggx)(E) of (M'^)c<gx>(R)- But some care has to be taken since the construction of 
(M'^)G'g-p(R) depends on the choice of subsequences and also since the notion of version used 
in this paper is special as not all t e [0,^] are covered. So recall the meaning of the set Tg 
from Proposition [2] and remark that the Lebesgue measure of 

iGi+a2 G2 

is still T hence T is dense in [0, T] and one only has to show 

^aiGi+a2G2 ^ ^^^Gi ^ ^^Mf ^ a.S. 

for t (z T because the processes ]\^«iG'i+«2G2^ M*^^, M'^^ are continuous. Fix t E T and 
realise that, by Proposition [2|, the above equality is equivalent to 

^aiGi+a2G2 ^ ^^^G, ^ ^^Mf ^ a.S. 

which would follow from f|T2l) if the subsequence (iVfc)^^ was independent of the chosen test 
function G. Indeed, applying f|T2|) in the case of G = aiGi + 026*2 gives 

^aiGi+a2G2 ^ jj^ + 02 llm 9Jlfc, ^ a.S. 
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for a subsequence {kj)^^ of (A^/t)^^. But if {Nk)^^i can be used in (fT2|) for G = Gi and 
G = G2 as well then the above right-hand side would converge a.s. to aiMf ^ + asMf ' at 
least for a subsequence of (kj)'^^. 

It remains to show that there is a subsequence {Nk)'^^i such that ( !T2|) holds true for all 
G G But, when choosing A^^ = k^~^°', k > 1, for an arbitrarily small a > 0, Proposition 

[1] together with Chebyshev's inequality imphes that 
00 

J2i{{te[0,T]:E^ 

k=l 

for all 5 > and G G V(M.). Thus, by a standard Borel-Cantelli argument, the above chosen 
subsequence Nk = k^^"', k > 1, has the desired property proving part (ii) of the corollary. 

Remark that part (iii) would not follow from part (i) allone but, together with part 
(ii), it is straight forward to check both the Gaussian distribution as well as the covariance 
structure of the process indexed by t G [0,T] and G G X'(M). Of course, from the 
covariance structure follows that the index set of the process can be extended to t G [0, T] 
and absolutely continuous functions G on M with density G' G L^(M) without changing the 
underlying probability space. Hence 

B{t,u) = M^^/V2, t G [0,T], n G M, 

is properly defined using test functions Gu{u), -u G M, given by 

... _ f V (nA£t) : u > 0; 
Gu[u) - I OA(nVS) : u<0. 

Obviously, B{t,u), t G [0,T], n G M, is a centred Gaussian process on (Z)([0, T]; P'(M)), J^f , 
I^) with covariance 'E;^fB(t,u)B(t' ,u') = {t A t'){\u\ A \u'\) if u,u' have the same sign and 
'E;yB{t,u)B{t' ,u') = otherwise. So, as in the proof of the Kolmogorov-Chentsov theorem, 
one can construct a version B{t, u) of B{t, u) on the same probability space which is contin- 
uous in t and u hence a Brownian sheet. By standard theory on random linear functionals, 
see |W1986j for a good reference, there is an 5'(]R)-valued version of the process which 
is of course indistinguishable of 

72 I B{t,u)G"{u)Au t G [0,T], G G 
Jr 

finally proving part (iii) of the corollary. ■ 



> 5}) < 00 



4 Appendix 

Recall that 1^ is the push forward of with respect to the map and denote by the 
expectation when integrating against F^. Then it is a consequence of Remark [TK) that weak 
convergence still implies 

%X -> E^X, e;0, (21) 

for X = f{Ys-^{Hi), . . . ,Ys^{Hp)) defined by bounded continuous maps f : W ^ R. and 
Hi G I^(M), < Sj < T, 1 < z < p, although such functions X are not Ji - continuous on the 
space D([0,T];P'(M)). 
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Lemma 2 The convergence l[21\) remains true for X defined by continuous functions f with 
polynomial growth and 

sup,<i|E,X|2 + |E^X|2 < f{\\H4l,...,\\Hp\\l) 

where f is a polynomial not depending on the time points Si, . . . ,Sp defining X. 

Proof. It suffices to show the lemma for polynomials /. The convergence claim follows 
from Remark [Do). Indeed, as the one-dimensional marginal distributions of Y under E^^ are 
Gaussian, one can cut-off / turning it into a bounded continuous function for which (!2T|) 
holds and estimate the remainder using the exponential decay of the tails of the Gaussian 
distribution. The uniform bound /(||ifi||2 , . . . , ||i^p||2) also follows from Remark [lb) by 
succesively applying Holder's inequality and estimating moments of Gaussian distributions 
by powers of the variances. ■ 

Lemma 3 Let denote the martingale given by 

Mt = Y^G) - Y^{G) - f LY^iG) ds, t > 0, 

where G G T?(R) is a test function and denote by {M^) the compensator of the square bracket 
[M^]. Then: 

(i) E,[(M")t - 2||G"||i -tf — ^ 0, e ^ 0, for all t > 0; 
(a) there is a constant C(T,G) such that 

E,( [M']t - [M% y < C{T,G){e' + {t - s)'} 
for alio < s,t <T and e > 0. 
Proof of (i) (cf. proof of (3.2) in |CLO2001] for example). At first observe that 

{M')t = [ mr)dr, t>0, 
Jo 

where 

mr) = e-'L[Y^%G)Y-2Y^%G)e-'LY^%G) 

= £ Yl 2p,(e.e-2(x) + l)(l-ere-2(a;+l)) 

+ e '2qe{Cre-<x) + - ^re-<X - I)) 

\x\<cc/£ 

So part (i) of the lemma follows since {^t)t>o is stationary, E£[r|(r) — E^r^r)]^ converges 
to zero and E^FKr) converges to 2||G'||| if e tends to zero. 



G{e{x + 1)) -Gjex) 

e 



Gjejx - 1)) - Gjex) 
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Proof of (a) (cf. derivation of bound for (5.8) in |CLO200"T] for example). As (M"^) is the 
compensator of the square bracket [M^] there is a local martingale such that 

[M% = Zl+ [ n(r)dr, t > 0, P^-a.s. 
Jo 

From this equation directly follows that 

( - [M% )' < m? + + Ht - imili^p.T] Pe-a.s. 

witlil] 

l|r^2llio^[o,T] < i6cgI|g'||L 

hence 

E,( - [M% Y < QC2E,[Z']t + 48cg||G"||L (t - s)^ (22) 

by Burkholder-Davis-Gundy's inequality with constant C2. The local martingale Z^ is of 
bounded variation and cannot have a continuous part which implies 

[z']t = {{zr)T+Y.{Az^rr = Y.^A^rf = Y.^m%? R-a.s. 

T<T r<T r<T 

By the same argument 

[M% = 5^(AM5)2 ^ Y,iAY^{G)f, r > 0, P,-a.s., 

r<r f<.r 

thus 



[Z^]t = 5^(AF/(G))^ P,-a.s. 



r<T 

so one has to estimate jump size and number of jumps of the density fluctuation field. 

By Lemma m it holds a.s. that for all r > there is at most one bond {x^'^\ x^^^ + 1} such 
that a particle jumps at time r either from a;*^^-* to x^^^ + 1 or from x^^^ + 1 to x^^^; thus 

|AF/(G)| < v^-2|G(e(x('') + l))-G(ex(^-))| < 2e'^/^\\G'\\oo, r > 0, R-a.s. 

For the number of jumps one has the estimate 

x<—CQ/e x<\ca/e\ x>ca/£ 

where A^"^, x G Z, is a family of independent Poisson processes with intensity 2pi, + 2^^ = 2. 
But 

x>ca/£ x>cc/£ k>x-^ 



fc=i 



^Compare with the exphcit form of r2(r) given in the proof of the first part of this lemma. 
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and the same bound holds for the expectation of the sum over x < —cg/£- Altogether the 
expected number of jumps is bounded above by 



which gives 



E,[Z']t = E,^(AF/(G))^ < (2 ■4TV^ + — ■ 2Te-^) ■ {2e^^^\\G'\\^Y 

r<T ^ 

hence the lemma follows from fl22l). 



Lemma 4 Consider the exclusion process on {Q, J-", P) as introduced at the beginning of 
SectionlE o,nd let X[i,j] denote the position of the particle i after the jth move where by 
'move ' is meant that a particle jumps or tries to jump. Denote by Tij the random times at 
which these moves happen. Then 



i^k j,l 

Proof Under the condition of X[i, 0] = Xo,X[i, 1] = xi, . . . , j] = Xj one knows that Tij 
is the sum of j independent exponentially distributed random variables all of which have the 
same rate 2. Hence t^j conditioned on a path is a continuous random variable with a pdf 
fj{t), t > 0, which does not depend on the specific path but only on the number of moves j. 
Additionally conditioning on the path of another particle k one even knows that tm and Tij 
are independent. Thus 

i-iLk j,l iy^k j.l 

l{t=s}fAt)fi{s)dsdt = 
proving the lemma. ■ 



oo 
m)m=l 



Remark 3 on how to construct the Sobolev space (H, || • ||-)- A natural choice for {g. 
would be the eigenbasis of the one-dimensional Laplacian on [0, T] with Dirichlet boundary 
conditions and a natural choice for {Gn)'^=i would be the collection of Hermite functions. 

Of course, the Dirichlet eigenbasis of the Laplacian on [0,T] would not be a subset of 
T>{[0,T)) and neither would the Hermite functions be in ©(M). But it is very clear from 
how the test functions g were used that one just needs g G C^[0,T] with g(T) = hence 
choosing the Dirichlet eigenbasis of the Laplacian on [0, T] works. 

But choosing the Hermite functions {Gn)^=i must be treated with slightly more care as, 
although they are in 5(M), they do not have compact support. At first one observes that the 
measures can be considered on D{[0, T]; i5'(M)). Second, in the case of the initial condition 
z/i/2 introduced on page H] of the present paper, the limit measure can also be obtained 
on D[[0,T]] S'{M.)) following the ideas of the proof of Theorem B.l in |BG1997] . Indeed, in 
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the case of this initial condition, (2.13) on page 578 of |BG1997] is satisfied for m = and 
one can rule out that the functions fx used in the proof of Theorem B.l have exponential 
growth. As a consequence all proofs before ([7]) work for G G too, since one only has 

to deal with the constant cq as in the proof of part (ii) of Corollary 2 in |A2011j , eventually 
leading to the following rough modification 



■Y 



d 



Af)/7 



< 32Qe^ ||^'||i.[o,T] ( \\G'"\\lo + \\u'G'"\\lo ] + \\G' 

+N-"'[\\G'\\l+\\G'\U\u'G'U] 



"II 2 

oo 



2r^//||2 



\u'G 



< 12^C,e^N-''' htmon ( l|G""||2i|G(^^||2 + WG"'\\1 + Wu^G'^^u^G^'^ 



+ I|G"||2||G""| 



i'"^G"\\l 



\u-^'~u - \\7, + \\u^G"U\u''G"'\\2 



+ \\G'U\G"\\2 + ^/\\G'U\G"h\W^G'\ 

+ ^\\G'\\2\\G"\\2\\U''G'\\2\\U''G"\\2 



of the estimate ((71). 

So, recalling the definition of Fn{Y) underneath (IHl), one observes that at least 



{g^®Gn.FN{Y)-{^Y 



d 



< const ■ N 



n 



where the constant const does not depend on the choice of m and n. Of course the factor 
goes back to the eigenvalue associated with gm and, using the combinatorical properties 
of the Hermite functions, 0{n^) is a quite crude estimate of all the norms involving Gn and 
its derivatives in the above modification of ([7]). However the last inequality justifies ([8]) if 
the Sobolev space Ti is taken to be the completion of ^^((0, T) x M) with respect to the norm 
II ■ ||_ given by 



Needless to say that this construction of H is not optimal but it definitely serves its purpose. 
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